vZ - Matematika 2
(redovni preddiplomski

rovreomemmamaese | strucni studij elektrotehnike)

Elektrotehnicki odjel

1.1. - 1.4. ANTIDERIVACIJA I NEODREDENI INTEGRAL.
IZRAVNO (NEPOSREDNO) INTEGRIRANJE. METODA ZAMJENE.
METODA DJELOMICNE (PARCIJALNE) INTEGRACIJE. — zadaci

1.1. ANTIDERIVACIJA I NEODREDENI INTEGRAL
. Provjerite je li funkcija F' antiderivacija funkcije f ako je:

a) F(x)=x"—=2020-x+2021, f(x)=2-(x-1010);

b) F(y)=e"-(sin y+cosy), f(y)=2-¢e -cosy;

0 F(t)—ln—t f(t)—h” L

d) F(u)=arcsin(u—1)+2020, f(u)=

2-u—u

1.2. IZRAVNO (NEPOSREDNO) INTEGRIRANJE

. Odredite sljede¢e neodredene integrale koriste¢i osnovna svojstva, odnosno tablicu
osnovnih neodredenih integrala:

a) j(6-x2—2020-x+2021)-dx;

2 8 1
b) || —— -dt;
)’[(f 2—16+«/r2+1j

c) J(sinu—Z-cosu—%-tg u+ctg uj-du;

a I( 2020 2020J i

w?+1

. Odredite sljedec¢e neodredene integrale:
1 2
a) J(w2+—j -dw;

b) | (ﬁ —%} dy

s

o [
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1.3. METODA ZAMJENE (SUPSTITUCIJE)

1. Metodom zamjene odredite sljedece neodredene integrale:

a) j (2020 x— 20212 . dx

J‘ t-dt )
sin?(2-£2—1)
C)I sin(2- u)
N4 +sinu
" 4w In(w? +1)
) I w?+1

2. Odpredite sljedec¢e neodredene integrale:

12
a”ﬁ

b) [ — -dx

c)ju-(2u+1)5-du;

SlIl w-COSW
d) j

\J25—costw
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1.4. METODA DJELOMICNE (PARCIJALNE)
INTEGRACIJE

1. Metodom djelomicne integracije odredite sljede¢e neodredene integrale:
a) j In x - dx;
b) [y-e’-dy;
c) Iw-cosw-dw;

d) fmcctg t-dr.

2. Rijesite sljede¢e Cauchyjeve probleme:
F (x) :sin(\/;),
a)
F(0)=0;

) F'(y)=Iny,
F()=2;

o {F’(w) —2.¢" sinw,
F(0)=—1.
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RJESENJA ZADATAKA
Napomena: U svim rjesenjima Ce R je konstanta.
1.1. Primitivna funkcija i neodredeni integral
1.

a) F'(x) =2-x-2020=2-(x—-1010) = f(x) = F je primitivna funkcija od f;
b) F'(y) =e¢’-(cosy+siny)+e’-(—siny+cosy)=2-e¢’-cosy= f(y)= F je primitivna funkcija od f;

: %"‘1“"1 I-Int Ini—1

o) F ()= > =———#———= f(t) = F nije primitivna funkcija od f;
t t t

, 1 1 1 S ..

d) F(u)= 1= = = f(u) = F je primitivna funkcija od f.
JI=@-17 1= +2.u—-1 2u—i?
1.2. Izravno (neposredno) integriranje

1.

a) j(&xz—2020~x+2021)~dx=j6~x2 ~dx—j2020.x.dx+j2021~dx=6~jx2~dx—2020~jx~dx+2021~jdx:

=6é-x3 —2020~%-x2 +2021-x=2-x"-1010-x* +2021-x+ C;

2 8 1 2 8 1 1 1 1
b)I[t_t2—16+ t2+1]~dtzjt~dt—Jt2_l6~dt+J‘ TH-dt:2-J;~dr—8~J‘t2_42-dt+J Tﬂdr:

H: +ln(t+\/t2 +1): 2-In|t|-In

:2~1n‘t‘—8-i-ln
2-4 t

t+4
t_

1 +1n(t+ﬁ)+c;

. 1 . 1
c) J-(smu—Z-cosu—E-tg u+ctg uj-du —Jsmu-du—J-2~cosu~du—J-§-tgu-du+Jctgu-du——cosu—

—Z-Icosu-du—%itg u~du+ln‘sinu‘ =—cosu—2-sinu +%~ln‘cosu‘+ln‘sinu‘+C;

|2020" 202 , 2020” 202 1 , 1
d) [| e+ 0207 _ 2020 dw=[e"-dw+ 020 dw—| ?0~dw=e“’+f~j2020”~dw—2020~j2—~dw=
2 w+1 2 w+1 2 w+1

1

w

=e" +———-2020" —2020-arctg w+C.
2-1n2020

2.

1Y 1 1 1 1
a).[ W +— ~dw=I w2 wh— -dw=fw4-dw+2-jw~dw+j—2~dw=—-w4+l+2-—-wl+l+

w w w 4+1 1+1

+Iw'2~dw=l~w5+w2+ -w'2+1=l-w5+w2—w'l=l~w5+w2—l+C;
5 241 5 5 w
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METODA DJELOMICNE (PARCIJALNE) INTEGRACIJE. — zadaci

b)j( ——] dy= j[y —y j-dyzj[y;'z—z-y;-y';+y jdy j[ 2y +y jdy:

5

1 2 1 5
=jy5-dy—2-jy'3-dy+jl-dy=L-y5”—2-L-y_3”+1n|y|=§-y5—2-y3+1n|y|+c.
Y £ L > >
6

g 68 o) oo

—Ixz -dx-3- Ix“ -dx+3- Idx Ix“ dx—L x% —3-3—-x?‘+ +3-x—

o ] amfan g amrme

1.3. Metoda zamjene (supstitucije)

1.
£=2020- x—2021 | | o
a)j(2020~x—2021)m~dx= dr =2000-dx =jtm-—-dz=—-jtm. e L
: 0 2000 2000 202+1
de=——-dr
2020

L me U oo x—oomn™

r-dr 2 M 1 1 1 1 ,
—————=du=4-t-dt ;= = -du=— u)=—-ctgu=—-cg2-t +H+C,
js1'112(2-t2+1) =2 Vg =y (retgu) = dgu=— g2 I +)
t-dr=—-du
4
t=4 in’ ! J+ 1
of Sn2 ) e , zji-dtzjt2~dt=71-t21:2-t2=2-\/;=2~\/4+sinzu+0,
1/4+smu |t =2-sinu- cosu-du=sin(2-1)-du| *t e
2
d J'emgw+w~hl(wz+1) j &Y jw ln(w?+l) dw
W+l Wl
| —)
=/ =l =l
t=arctgw
— gn
I = & 1 Ie -dr=€ =¢
W+l
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t=In(w* +1)
2w 1 1 11 a1
L ={dt=—-dw =|t-—-dt=—- t.dt=7.7.tl+l —— .= VV2+1
’ W +1 I 2 2I 22 4 4 (" +1)
1
dW—*dt
w?+1

I1=I+I, =e“”gW+Z-1n2(uf +)+C.

2.
. x=r,
12t 2 4 1 2 3 6
a) dr=ddx=3-2.dr, \=[-——2_.de=4. 7-dx=4-1n‘x+\/x +1‘= £ +r +1‘+C;
j\/t6+l ) I\/x2+1 I\/x2+1
122 dr=4-dx
ey 1
X X 1 1 1 t 1 X
b)j ~dx=j dxqde=2-x-dx j ,.J‘ -dt:-arcsin(j arcsm[ ]-i—C
JA—* —(¥*)? 2 2_ 2 2 2 2 2
4—x VA= (x) 1 47 2°—t
x-dx=—-dr
2
t=2-u+1
t—1
=y t-1 1 1
5 _ - 57 — . 6_5_ . 6_ 1. _
c)ju-(z.uﬂ) =g _j = j(z t)dz_4(jr dr jt dt)_
du=l-dt
2
_L ( ! t"”—l~t5*'j:l~t7—l = (2 u+l) — (2 u+1)°+G;
4 \6+1 5+1 28 24
. X [::COSZW _1_ ] ]
smw-Ccosw simw-Ccosw . 2
d) -dw= -dw=qdt=2-cosw-(—sinw)-dw= = | ——="dt=
I J25—cos* w I J25—(cos )’ I Jos— 2 I NEE

sinw-cosw-dw:—a-dt

1 . 1 (1,
=——-arcsin—=——-arcsin| —-cos” w |+ C
2 5 2 5
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1.4. Metoda djelomicne (parcijalne) integracije

1.
u=Inx v=fdx=x !
a) flnx-dx= 1 =x-lnx—fx-—-dx=x~h1x—jdx:x~lnx—x+C;
du=—-dx dv=dx X
X

u= v=|e -dy=e’
b) _[Y'ey'dy= g f Y =y~ey—jey~dy=y~ey—ey+C;
du=dy dv=e’-dy

U=w v=jcosw~dw:sinw ) . .
=w- smw—fsmw-dw:w-s1nw+cosw+ (05

c) J.w~cosw-dx:{

du=dw dv=cosw-dw

u =arcctg t v=jdt=t

d) Iarcctgrdt: 1 =t-aroctgt—jt-(— > j~d1:t~arcctgt+j 2t -dr.
— du=—— l.dt dv=dt ' +1 r+1
= t+ =h

w=t"+1 1
I ={dw=2-t-dt :J.;dw:l-fl-dw:l-lnM=l~ln(t2+1):>I:t~arcctgt+l~ln(t2+1)+C
: w 29t 2 2 2

1
t-dt=—-dw
2
2.
s »
=t = t-dt =—cost
a)IZISiH(\/;)'dx: x=t :_[Sint'2't'dt=2-It-sint«dt: u v _[sm cos
dx=2-¢-dr du=dt dv=sint-dt

=2-(—t-cost+jcost-dt) =2-(sint —t-cost) =2-(sin(\/;)—\/;-cos(\/;))+c.
F(O)=0:0:Zo(sin(\/a)—\/acos(\/a))+C:C:0:>F(x):2o(sin(\/;)—\/;ocos(\/;)).

u=In’y vz_[dyzy

du:2‘_lny'dy
y

=y-(1n2y—2-y-lny+2-y)+C.

2-In

dv=dy

F)=2=1-(In’1-2-1-In142:1)+C=2=C+2=2=C=0=F(y)=y-(In*y=2-y-Iny+2-y).
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o)l =12-ew -sinw-dw= =—2-e“’-cosw+J.2-e”'-cosw-dw=

u=2-¢e" v=fsinw-dw=—cosw1

du=2-¢€"-dw dv=sinw-dw
u=2-¢" v=Jcosw-dw=sin » . Y
= =-2-¢"-cosw+2-¢e -smw—J.Z-e -sinw-dw=
du=2-€"-dw dv=cosw-dw

=2-e"-(sinw—cosw)—I =2-I=2-¢"-(sinw—cosw) = I =¢" - (sinw—cosw)+ C
F0)=—1=-1=¢€"-(sin0-cos0)+C=C—-1=—1=C=0= F(w) =¢" - (sinw—cosw).
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