v KATEDRA ZA Matematika 2

ZAJEDNICKE . . . . .. .
rreomete | (redovni preddiplomski stru¢ni studij elektrotehnike)

POLYTECHNICUM ZAGRABIENSE

1.1. - 1.4. PRIMITIVNA FUNKCIJA I NEODREDENI INTEGRAL.
IZRAVNO (NEPOSREDNO) INTEGRIRANJE. METODA ZAMJENE.
METODA DJELOMICNE (PARCIJALNE) INTEGRACILJE. - zadaci

1.1. PRIMITIVNA FUNKCIJA I NEODREDENI INTEGRAL
1. Provjerite je li funkcija F primitivna funkcija funkcije f ako je:
a) F(x)=x"-2016-x+2017, f(x)=2-(x—1008);

b) F(y)=e’-(siny+cosy), f(y)=2-€"-cosy;

o Fny="1, fo="0

d) F(u)=arcsin(u—1)+2017, f(u)= !

2-u—u’

1.2. IZRAVNO (NEPOSREDNO) INTEGRIRANJE

1. Odredite sljedece neodredene integrale koriste¢i osnovna svojstva, odnosno tablicu
osnovnih neodredenih integrala:

a) J.(6-x2—2016-x+2017)-dx;

2 8 1
b) || —— -dt;
)J.(l‘ t2_16+«/t2+1J :

c) J(sinu—lcosu—%‘tg u+ctg uj-du;

a j(ew 2017 _2017J'dw‘

2 w+1

2. Odredite sljedece neodredene integrale:

a) J(W2+lj2 -dw;
w

b) j(&—%) -dx;

©) Jtztjrl t

d) J’eu+2017 -du.
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1.3. METODA ZAMJENE (SUPSTITUCLJE)

1. Metodom zamjene odredite sljedec¢e neodredene integrale:

a) j(2016-x—2017)2‘”5 -dux;

J' t-dt )
sin®(2-1> —1)’
sin(2-u)
C) | —=-du;
‘[\/4+sin2u
arctgw . 2
d) J~e +w-In(w +1)-dw.
w”+1

2. Odredite sljedece neodredene integrale:

a)f = .dx;

4-x*

b) | B-21—F dr;
¢ ju-(2u+1)5 -dus

sinw-cosw
d) | m-dw

1.4. METODA DJELOMICNE (PARCIJALNE) INTEGRACIJE

1. Metodom djelomicne integracije odredite sljede¢e neodredene integrale:

a) j In x - dx;
b) [y-e-dy;
c) Iw-cosw-dw;

d) Imcctg t-dr.

2. Rijesite sljedece Cauchyjeve probleme:
» {F'(x) s
F(0)=0;

b) F'(y) =arctg%/;,
F(0)=0;

F'(w) =sin(2-w)-In(sin w),
© F(Ej -1
2) 2
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RJESENJA ZADATAKA

Napomena: U svim rjeSenjima C € R je konstanta.

1.1. Primitivna funkcija i neodredeni integral
1.
a) F'(x)=2-x-2016=2-(x—-1008) = f(x) = F je primitivna funkcija od f;

b) F'(y)=e’-(cosy+siny)+e’ -(—siny+cosy)=2-¢’ -cosy= f(y) = F je primitivna funkcija od f;

o) F'(t)= 4 ; = 1=Int * lntt ! = f(t) = F nije primitivna funkcija od f;

d) F'(u)= ! - ‘1= = ! = ! - = f(u) = F je primitivna funkcija od f.
JI-@-1) Vi—2+2-u-1 N2-u-u

1.2. Izravno (neposredno) integriranje

a) j(6~x2—2016~x+2017)-dx:j6~x2 ~dx—j2016-x-dx+j2017-dx:6-jx2 -dx—2016-jx~dx+2017~jdx=

:6%163 —2016~%~xz+2017~x:2~x3 —1008-x* +2017-x+C;

2 8 1 1
b)_[(?—m+2—j dr = j i - j T dt+'[\/t — dr = 2] dr - 8j dt+jm-dt:

" +1

1

=2.Inf]-8 ——In|" "2
24

(e +1) = 2 I - In
-4 t—

j +ln(t+ 1 +1)+C;

. 1 . 1
c) I(smu—Z-cosu—E-tg u+ctg u)du —Ismu~du—j2-cosu~du—j;tg u~du+Ictg u-du=—-cosu—

—2~Icosu~du—l-_[tg u-du+ln|sinu| :—cosu—2~sinu+%~ln|cosu|+ln|sinu|+C;

v, 2017”2017 , 2017" (2017 1 v g
d)_[{ ——de _j -dw +j -dw _[—d = 2j2017 dw—2017 j—w+1 dw
P -2017" =2017-In|w+1|+C.

2-1n2017
2.

a) J‘(W2 +%)2 ~dw=‘..(w4 +2~w+%j-dw=‘..w4 -dw+.[2~w-dw+J.%~dw=ﬁ~w4+1 +2~Iw~dw+

5 . 1 A 1+1 1 _W—2+1:l_W5+W2_W—1:l.w5+w2_l+c;
1+1 —2+1 5 5 w

b) j[&-ﬂm: [(J_)3(\/_)%+3\/_(%]—(%]]dx j[xi_g.x‘-i+3_x-i].dx=
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3 3 3 1 34 3 1 EEITE B 1 34
=Ix2-dx—I3-x4-dx+I3-dx—Ix4-dx=3—-x2 —3-Ix4-dx+3-Idx— 3 x4 =g-x2—3-3—-x4

241 241
4 4
1 5
+3-x— 4x4=§ 2—%x“+3x 4x4=§x2x/_ x\/_+3x 4\/;+C
c)j s dt—jdt— L =t—arctg t +C;
£+ l £ +1 8Tt
d) J‘eu+2016 .du :J‘e .62017 dy =" .J‘eu du=e®7 ¢ = O
1.3. Metoda zamjene (supstitucije)
1.
t=2016-x—2017 | | | |
a) [(016-x—2017" - de={dr=2016-dc (=" dp=—— [ dr=——. A =
] 2016 2016 2016 2015+1
de=——-dr
2016
L o -(2016- x=2017Y"° +C

Ta6%6 406125

u=22+1| 1

t-dt 4YM 1 1 1 1 R
b) | ———=du=41-dt ;= = -du=—-(—ctgu) =—- ctgu=—-ctg2-t +1)+C,
)Ism2(2-t2+1) s 4Ism2u 5 agu)=— -cgu=— g2’ +)

t-dt=—-du

4

t =4+sin’ Ly

)J- s1n(2u) { smu . } I J}z dz_izz _2t2 =2\t =2-4+sin u+C,
Jasin?u dr =2-sinu-cosu-du=sin2-10)-du|

L
2

™ +w- In(w +) &Y w-In(w? +1)
9 I W+l _I w2 + I W+l

=1 —1, =l

t =arctgw
Il:dt: 1 dw =Ie’-dt=e’=e

W+l

t=In(w* +1)

2w 1
I={dr= -dw —frda=t tdt—ffmf
’ Wl I I 22 4
wo 1

W

I1=1+1, ZEMW*ZI; I’ W +D)+C

r =i I’ (W +1);
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t=x
dxqdr=2-x-dx ; = l‘arcsinizl‘arcsinx—+C;
2 2 2

2 = LU -
I\/4—t2_2 I\/22_t2 de 2

a)_[\/_ _J‘\/i

x-dx=—-dt
2

=141
b) [N3-2-1—rdi=[Va-1-2-1=1 dt= 2 =+ 200407 dr = | 22—<f+1>2'dx={3u—t;}=

2

=I\/22—u2-du=z-\/22—u2+2 carcsin = % 4~ u” +2-aresin L = 1L 3—2-t—t2+2-arcsin—t+1+C;
2 2-1 2 2 2 2 2
t=2-u+l
t—1
T -1 51 1 1
5 _ _ P — = 6, _ 5, —
c)J‘u‘(Z'u+1) du=q = —JTI : dt_4j —£5)-dr = . (jz dr jt dt)—
du=l-dt
2
=l-(i-t“'—i-t5*'j= Ly —L =—Qu+l) -— (2 u+1)°+C;
4 (6+1 5+1 28

— 1
t=cos’w ——.dr

sinw-cosw sinw-cosw . 2 1 1
d) -dw= =2-cosw-(—sinw)-dw; = =——- -dr =
J\/25—cos“w '[\/25—(005 w)> J\/ZS—IZ 2 J\/sz—z2

1
sinw-cosw- dw——g dt

1 .t 1 (1
=——.arcsin— = ——-arcsin| —- cos’ w
2 5 2 5

1.4. Metoda djelomicne (parcijalne) integracije

1.
u=Inx v:J.dx:x !
a)J.lnx-dx: 1 :x~1nx—Jx~—~dx:x~1nx—de:x-lnx—x+C;
du =—-dx dv =dx X
X

u= v=|e’-dy=¢e’
b)'[y-e"‘-dy: Y J Y :y~e""—J.e~“~dy:y~e"‘—e"‘+C;
du =dy dv=e’-dy

u=w vzj.cosw-dw:sinw
c) Jw~cosw-dx:

:w~sinw—Jsinw-dw:w-sinw+cosw+C;
du =dw dv =cosw-dw

u = arcctg t v=J.dt=t |
d) |arcctgr-dt = =t-arcctgt— |t | — .
).[ & g J ( t2+1)

— du =—— -dr dv =dt

et ; 1 ¢l 1 1 1
I, =1dw=2-¢t-dt :Jldw:—-J—~dw:—-ln|w|:—~1n(t2+1):I:t-arcctg t+—-In(>+1)+C.
w 2 9t 2 2 2

t-dtzl-dw
2
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2.
t=+Xx d
=t = U = !
a)l = e dy={x=r :Ie"2't'dt:2«jt'e’«dt:{ ! Y -[e e}
dx=2-7-dr du=dt dv=e'-dr

:2.(t.e’—Ie’.dt)ZZ«(t_l).ef:2‘(\/;_1)‘€&+C.
F(O)=O:>O=2.(\/6_1).e«/6+C:>C_2=O:>C=2.
:>F(x):2.(\/}_1),e&+2.

=3y u=arctgt v= 3rdr=3 =
b)I:Iarctgi/;odx: y=t :Iarctgt«3-tzodt: . 2+l

dy=3-£-dt du=t2+1-dt dv=3-1*-dt

1 I t
=f.arctgt— |- —— -dt=F-arctgt — | —— -dr =1 -arctg  — [t——j-dt=t3-arct t—|¢-de+
£ I £ +1 £ '[t2+1 £ I £ +1 . I
t Primjer 1. d) 1 1 1 1
—dt = Ffactgt——-F+—In@E+D)=y-arctgdy ——-3y* +—-In[3y* +1]+C.
I12+1 gloy Ay b=y gfzﬁz (‘/;)
F(0)=0=C=0.

= F(y)= y-arctg f_%.g?%,ln(wﬂ)'

. . . . t=sinw
o)/ :Ism(2'w)oln(smw)'dw:IZosmw-cosvvoln(smw)'dw: :IZotolntodt:
dt =cosw-dw

u=lnt v= 2‘t«dt=2'L«tl“=t2 | |
= 1+l = Int= [ =.dt=r"Int=[t-dt=r"Int——-1’ =
t 2

duzl-dt dv=2-¢t-dt
t

=sin’ Woln(sinw)—% -sin*w+C.
F(Zj LY
2 2

= F(w)=sin* w- ln(sinw)—%-sin2 w+l1.
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