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1.1.1.1. Vektori 2m a b= ⋅ −
�� � �

 i 4 5n a b= ⋅ + ⋅
� � �

 su međusobno okomiti. Ako su a
�
 i b
�

 

nenulvektori iste duljine, odredite kut između tih vektora.    
 

Rješenje: Skalarni umnožak vektora m
��

 i n
�
 treba biti jednak nuli, pa imamo redom: 

 

( ) ( )

( ) ( ) ( ) ( )

( ) ( )
2 2

2 2

0,

2 4 5 0,

(2 4) 1 4 (2 5) 1 5 0,

8 4 10 5 0,

8 4 cos 10 cos 5 0.

m n

a b a b

a a b a a b b b

a a b a b b

a a b a b bϕ ϕ

⋅ =

⋅ − ⋅ ⋅ + ⋅ =

⋅ ⋅ ⋅ − ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ − ⋅ ⋅ ⋅ =

⋅ − ⋅ ⋅ + ⋅ ⋅ − ⋅ =

⋅ − ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ − ⋅ =

�� �

� � � �

� � � � � � � �

� � � � � �

� � � � � �

  

 

Prema pretpostavci zadatka vrijedi jednakost a b=
� �

, pa dalje slijedi:  

 
2 2 2

8 4 cos 10 cos 5 0,    / :

8 4 cos 10 cos 5 0,

6 cos 3,   / : 6

1
cos .

2

a a a a a a aϕ ϕ

ϕ ϕ

ϕ

ϕ

⋅ − ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ − ⋅ =

− ⋅ + ⋅ − =

⋅ = −

= −

� � � � � � �

 

 

Odatle slijedi 
2

3
ϕ π= ⋅  radijana. 
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2.2.2.2. Zadani su vektori 2a i j k= + − ⋅
� � � �

, 2b i j k= − ⋅ +
� � � �

 i c i j k= + +
� � � �

. Izračunajte mjeru 

kuta (iskazanu u radijanima) između vektora c
�
 i a b×
� �

.    
 

Rješenje: Odredimo najprije vektor a b×
� �

. Imamo redom: 
 

( )
11 ( 2) ( 2) 1 4 3 11 1 ( 2) 1 2 3 1 ( 2) 11 2 1 3

(1,1, 2),

(1, 2,1),

1 2 1 2 1 1
1 1 2

2 1 1 1 1 2
1 2 1

       3 3 3 ( 3) ( 3) .

a

b

i j k

a b i j k

i j k i j k c

= ⋅ − − ⋅ − = − =− = ⋅ − ⋅ − = + = = ⋅ − − ⋅ =− − =−

= −

= −

− −
× = − = ⋅ − ⋅ + ⋅ =

− −
−

= − ⋅ − ⋅ − ⋅ = − ⋅ + + = − ⋅

�

�

� � �

� � � � �

����� ��� ���

� � � � � � �

 

 

Odatle zaključujemo da su vektori c
�
 i a b×
� �

 kolinearni, ali suprotnoga smjera. Zbog 

toga je tražena mjera kuta jednaka ϕ π=  radijana. 
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3.3.3.3. (pismeni ispit, (pismeni ispit, (pismeni ispit, (pismeni ispit, 25.25.25.25.    8.8.8.8.    2020.) 2020.) 2020.) 2020.) Zadani su vektori a k i= −
� � �

 i 4b i k= + ⋅
� � �

. Odredite sve 

vektore x
�
 duljine 2 koji su okomiti na vektore 2 a b⋅ +

� �
 i 2a b− ⋅
� �

. Sve svoje tvrdnje 

precizno obrazložite.    
 

Rješenje: Odredimo najprije vektore 2 a b⋅ +
� �

 i 2a b− ⋅
� �

. Dobivamo: 
 

( 1,0,1),  (1,0, 4),

2 2 ( 1,0,1) (1,0, 4) ( 2,0, 2) (1,0, 4) ( 1,0,6),

2 ( 1,0,1) 2 (1,0,4) ( 1,0,1) (2,0,8) ( 3,0, 7).

a b

a b

a b

= − =

⋅ + = ⋅ − + = − + = −

− ⋅ = − − ⋅ = − − = − −

� �

� �

� �
 

 

Traženi vektori su kolinearni s vektorskim umnoškom vektora 2 a b⋅ +
� �

 i 2a b− ⋅
� �

. 

Zbog toga odredimo taj umnožak: 
 

( ) ( )
1 6

2 2 1 0 6 (7 ( 18)) 25 .
3 7

3 0 7

i j k

a b a b j j j
−

⋅ + × − ⋅ = − = − ⋅ = − ⋅ − − = − ⋅
− −

− −

� � �

� � � � � � �
 

 

Odatle sada lako slijedi da su traženi vektori 1 2x j= − ⋅
�� �

 i 1 2 .x j= ⋅
�� �
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4.4.4.4. Zadani su vektori ( ,  0,  1)a α=
�

 i     ( 1,  1,  0)b = −
�

. Odredite vrijednost α ∈ℝ  tako da 

površina paralelograma razapetoga zadanim vektorima bude jednaka 3 2⋅  kv. jed.    
 

Rješenje: Izračunajmo najprije duljinu vektorskoga umnoška zadanih vektora. 

Imamo redom:  
 

�

( )
. . .

2 2 2 2 2

0 1 1 ( 1) ,
1

1 1 0 1 0 0

( 1) ( 1) 1 1 2.

I II IIi j k i i j k
i j k

a b i j k i j k

a b

α α α α α
α

α α α

+ → +
+

× = = = − ⋅ = − + − ⋅ = − − + ⋅

− −

× = − + − + = + + = +

� � � � � � �
� � �

� � � � � � � �

� �

 

 

Dobivena duljina vektorskoga umnoška zadanih vektora jednaka je površini 

paralelograma. Tako dobivamo jednadžbu:  
 

2 2 3 2.α + = ⋅  
 

Kvadriranjem obiju strana te jednadžbe slijedi 2 16α = . Odatle je { }4, 4α ∈ − .   
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5.5.5.5. (pismeni ispit, 1.(pismeni ispit, 1.(pismeni ispit, 1.(pismeni ispit, 1.    9.9.9.9.    2020.) 2020.) 2020.) 2020.) Duljina vektora a
�
 iznosi 3 jed. duljina. Duljina 

vektora b
�

 iznosi 2 jed. duljine. Površina trokuta kojega razapinju vektori 3c a b= ⋅ +
� � �

 

i 5d a b= − ⋅
�� � �

 iznosi 24 kv. jed. Odredite mjeru (u radijanima) šiljastoga kuta među 

vektorima a
�
 i b
�

. 
 

Rješenje: Označimo s ϕ traženi kut. Površina trokuta kojega zatvaraju vektori c
�
 i 

d
��

 jednaka je polovici duljine njihova vektorskoga umnoška. Zbog toga odredimo: 
 

( ) ( ) 	
( )
	 ( ) 	 ( )

( )
	 	

0 0

23

3 5 3 15 5 ( 16) ,

1 1 1
( 16) 16 sin 16 3 sin .

2 2 2

a b

c d a b a b a a b a a b b b a b

P c d a b a b ϕ ϕ

= ==− ×

==

   
× = ⋅ + × − ⋅ = ⋅ × + × − ⋅ × − ⋅ × = − ⋅ ×   

   

= ⋅ × = ⋅ − ⋅ × = ⋅ ⋅ ⋅ ⋅ = ⋅ ⋅

� �� �

� �� � � � � � � � � � � � � � �

� �� � � � �
 

 

Prema zahtjevu zadatka, ta površina mora biti jednaka 24 kv. jed. Tako dobivamo 

trigonometrijsku jednadžbu:  
 

3
16 3 sin 24 sin .

2
ϕ ϕ⋅ ⋅ = ⇔ =  

 

U intervalu 0,
2

π
 ta jednadžba ima jedinstveno rješenje 

3
arcsin .

2 3

π
ϕ

 
= =  

 
  

 

Dakle, 
3

π
ϕ =  radijana. 
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6.6.6.6. (pismeni ispit, 13.(pismeni ispit, 13.(pismeni ispit, 13.(pismeni ispit, 13.    6.6.6.6.    2016.) 2016.) 2016.) 2016.) Zadani su vektori (1, 1,  1)a = −
�

 i (0,  1,  1)b =
�

. 

Izračunajte opseg i površinu paralelograma razapetoga vektorima ( )
1

5
c a b= ⋅ +
� � �

  i 

1 1

2 3
d b a

  
= ⋅ × ⋅  
   

�� � �
. 

 

Rješenje: Izračunamo:  
 

( )
�

( )( )

2 2

. .

2 2

1 1
((1, 1,1) (0,1,1)) (1,0,2),  

5 5

1 1 1
1 2 1 4 5 1,

5 5 5

1 1 1 1
 0 1 1 0 0 1

2 3 6 6
1 1 1 1 2 1

1 1 1
   2 (2,1, 1),

6 1 2 6 6

1
2 1

6

II III II

c

c

i j k i j k k

d b a

i j k
i j k

d

− →

= ⋅ − + = ⋅

= ⋅ + = ⋅ + = ⋅ =

−

= ⋅ ⋅ × = ⋅ = ⋅ =

− −

−   
= − ⋅ = − ⋅ − ⋅ − − = ⋅ −   

−   

= ⋅ + +

�

�

� � � � � � �

�� � �

� � �
� � �

��
2 1 1

( 1) 4 1 1 6 1.
6 6

− = ⋅ + + = ⋅ =

    

 

Primijetimo da vektori  i c d
� ��

 razapinju kvadrat. Naime, svaki vektor kolinearan s 

b a×
� �

 je okomit na ravninu određenu vektorima a
�
 i b
�

. Vektor d
��

 je kolinearan s 

b a×
� �

, a vektor c
�
 pripada ravnini određenoj vektorima a

�
 i b
�

. Zbog toga je c d⊥
� ��

 

(dokažite to koristeći skalarni umnožak!), pa su konačno: 
 

2
2

4 4 1 4 jed. duljina,

1 1 kv. jed.

O c

P c

= ⋅ = ⋅ =

= = =

�

�  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

Matematika 1 Matematika 1 Matematika 1 Matematika 1     
(preddiplomski stručni 

studij elektrotehnike) 

3. Vektori 3. Vektori 3. Vektori 3. Vektori ––––        

zadaci    

 

© mr. sc. Bojan Kovačić, viši predavač 7 

7.7.7.7. (1. kolokvij, ak. god. 2019./2020.) (1. kolokvij, ak. god. 2019./2020.) (1. kolokvij, ak. god. 2019./2020.) (1. kolokvij, ak. god. 2019./2020.) Vektori ,    i  a b c
� � �

 razapinju paralelepiped 

volumena 1 kub. jed. Izračunajte volumen paralelepipeda kojega razapinju vektori 

1
,    i  

2
a b a b c+ − ⋅
� � � � �

. 

 

Rješenje: Prema pretpostavci zadatka vrijedi jednakost ( ) 1.a b c× ⋅ =
� � �

 Tako redom 

imamo: 
 

( ) ( )( ) 	
( )
	 	

( )( ) ( )( )

0 0

1

1 1

2 2

1 1
  ( 2) ( 2) 1 1 kub. jed.

2 2

a b

V a b a b c a a b a a b b b c

a b c a b c

= ==− ×

=

 
    = + × − ⋅ ⋅ = × + × − × − × ⋅ ⋅ =   

    
 

 
    = − ⋅ × ⋅ ⋅ = − ⋅ ⋅ × ⋅ = − =        

 

� �� �

� � � � � � � � � � � � � �

� � � � � �

�����
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8.8.8.8.     ((((1. kolokvij, ak. god. 2017./2018.1. kolokvij, ak. god. 2017./2018.1. kolokvij, ak. god. 2017./2018.1. kolokvij, ak. god. 2017./2018.)))) Zadani su vektori a i k= +
� � �

 i b j k= −
� � �

. 

Izračunajte volumen prizme razapete vektorima ( ) ( ),   i a b a b a b a b× ⋅ ⋅ ⋅ ⋅
� � � � � � � �

.    

    

Rješenje: Zapišimo zadane vektore u koordinatnom obliku:  
 

(1,0,1),  (0,1, 1).a b= = −
� �

 
 

Računamo: 
 

( ) ( ) ( )

( ) ( )

0 1 1 1 1 0
1 0 1 ( 1,  1,  1),

1 1 0 1 0 1
0 1 1

(1,0,1) (0,1, 1) (1,0,1) 1 0 0 1 1 ( 1) (1,0,1) ( 1) (1,0,1) ( 1,0, 1),

( 1) (0,1, 1) (0, 1,1).

i j k

a b i j k i j k

a b a

b a b a b b

× = = ⋅ − ⋅ + ⋅ = − + + = −
− −

−

⋅ ⋅ = ⋅ − ⋅ = ⋅ + ⋅ + ⋅ − ⋅ = − ⋅ = − −

⋅ ⋅ = ⋅ ⋅ = − ⋅ − = −

� � �

� � � � � � �

� � �

� � � � � �

 

 

Volumen prizme razapete izračunanim vektorima jednak je: 
 

�
( )

. . .1 1 1 1 1 1
1 21 1 1 1

1 0 1 0 1 2 ( 1) ( 1) (1 1 2 ( 1)
1 12 2 2 2

0 1 1 0 1 1

1 1
  3 3 1.5 kub. jed.

2 2

I II II

V

− →− −

= ⋅ − − = ⋅ = ⋅ − ⋅ = ⋅ − ⋅ ⋅ − ⋅ − =
−

− −

= ⋅ − = ⋅ =

  


