@ . | Matematika 1 | 4-5- Granitne

(preddiplomski stru¢ni .Vrl-].ednosn )
studij elektrotehnike) (limesi) - zadaci

POLYTECHNICUM ZAGRABIENSE
Elektrotehnicki odjel

1. Ispisite prvih pet ¢lanova svakoga od sljedecih nizova:

a)a,=n"+1,

b) b, :sin(n‘zj;
2

¢)c, zl.
n

2. Izracunajte grani¢ne vrijednosti sljedec¢ih nizova:

2-n+1
a)a, = ;
n—1
2
b) b _2-n"+n+l

32 1,3
d)d, = n —1+n :
Y8 w+n—4-3n

e)e, =(1+1J | ;
n
1 16:n
f)f, _(“—EJ .

3. Zadani su nizovi a, =

2-n+1 . 1-4-n
ib, =
1-n 12-n+5

. Neka su L, i L, redom njihove graniCne
vrijednosti.

a) IzraCunajte L,iL,.

b) Odredite najmanji k € N takav da je |a, — L,| < 0.0001.

¢) Odredite najmanji [ € N takav da je |b, - Lz| <0.0001.

4. Izracunajte grani¢ne vrijednosti:

. X +x
a) lim ;
x—0 X

2_
b) Tim >t

-l x—

B
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5. lIzraCunajte sljedece granic¢ne vrijednosti:

. Cos x
a) lim—2>" .

b) linll(l—x)-tg(%-xj;

X

(=2 x4
¢) lim| ——— ;
x=3-x+2

1
d) linol(l +sin x)*;

e) lim {x-[In(x+1)-Inx]}
6. Izracunajte sljedece jednostrane grani¢ne vrijednosti:

. sinx
a) lim ;

x40y

. X-COSX
b) lim ———;
xoee x° 4]
2
. X -arctgx
c) hmz—g;
xo+e xS 4 x+1
3
. X -arcctg x
d) hm%.
o T+ x" +x+1

7. Isklju¢ivo pomocu definicije granicne vrijednosti niza dokaZite da je limlzo. Potom
n n

. . . R | _
utvrdite $to se dobiva ako bismo uzeli da je lim—=10"".
non
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Rezultati zadataka

1.
a)a, =1>+1=2,a,=2+1=5, a,=3"+1=10, a, =4’ +1=17, a, =5 +1=26.

b) b, =sin(§j=1, b, =sinz =0, b, =sin(%-ﬂ')=—1, b, =sin(2-7)=1, by =sin(§~ﬂ')=1.

1 1 1 1 1

0 ¢ :I:L CZZE’ % :E’ Gy :Zs Cs :g.
2.

L lim(2) +lim| -
a) lima, =lim =l 1 = 0 = =2;

n-l 1-— lim(l)—lim(j 1-0
n n n n
11
2 2+—+= llm(2)+hm( j+hm

b) limb, = lim 2w ntl gy nont 24040 1

"4n2—n1 n 1

) 2von0_
4—;—% 11m(4)—11m( j 11?1(12j 4-0-0 2
i s lel) o

¢) limc, =lim =

n n 1+1 _2’
n+\/n + \/1+ 11m1+hm[\/1+lj
n

n

d) limd, =lim n +143n i/rﬂ(f 11m[31 'jz}llm[if} _ 1+
B adn \/ _43; h?l[\/ngnIJ hy{ ﬁ] 2-

1 2:n 1 n 2 I 1 n 2
e)limen=lim(l+—j =1im{(l+—j} = lim(l+—] } =e’;
n n n n n n n

16:n
f)lim f, =lim(l+Lj =lim| |1+
n n 4-n n

0_
0

5

N | =

S EN
[
N\
Q
M=
~—
(=)}
[
Q
.

1. (1
Z=  lim(4) +1lim| —
(4ene1) | A+ Hm@) lfn(nj 440
L =lim =11m1 = 1 :O 2=—2.
1-2-n L) nm(j—hm(z) -
n n

n n

|ak—11|<0.0001<:>‘f'k+1+

3 : <().()001<:)2 : <0.0001 < 2-k-1>30000 <

2/<0.0001 & ‘1

& k>15000.5= k,,, =15001
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12:n45) 5.5 lim(12)+lim(5) 1240 3
n n n n

1 (1 .
| 11m(j —1lim(4)
Lzzlim[l_“.nj:lim” _n\n n _0-4 1

1=4-1 1
12:1+5 3 3-(12:1+5)
©36:1+15>80000 & [ >2221.8= [, =2222

b, —L2|<0.0001(:>‘

<0.0001<:>‘ ‘<0.0001<:>L<0.0001<:>

36-1+15

4.
X +x X+Xx
a) lin(} =lim=—= =lim(x, +1) =lim(x,) +lim() =0+1=1;
X x n xn n n n
2 _ 2_ _ . _
by lim* = = fim L = i & T ED e -[]jm(xn+I)J=[lim(l)J-[lim(xn)+lim(l)}=1-(l+l)=2;
x—1 x_l n xn_l n xn_l n xn_ n n n n
} > +1 +1)- (2 —x, +1 +1
o tim XL it D A D ’[lim(xi—xnﬂ)}:
2 x2 m 2ex 42 o 2-(x, +1) w|2-(x,+1) | Lon

(] T . _ 1 3
- [hsn(zﬂ : [hsn(xf )~tim(x,)+ hin(l)J = (1P —(D+1]= =

d) lim\/;_zzlim\/;”_zzlim */22_2 =lim Jx -2 =/lim Jx -2 -hm{l} -
=4 x—4 n xn—4 n (\/Z) _9? n ( X,I_Z)‘(\/Z—Z) n ( xn_z) n xn+2
Rl lim(1) R
‘[hin(lﬂ L?l(\/g)”in(z)}l Ja+2 4

cos t+£ . .
. COSX V4 . ( 2) . —sint 1 (. sinz) 1
a) hm”—= t=x—5 =lim =lim =—- hrrol— =E;

tﬁo][—z.(t—}-;z[j =0 —D.¢t 2 t

.|\ . (7 =z
- sm{o(l—t)} sm(—'t)
b) lim{(l—x)-tg[E-xJ ={t=1—x}=1imt-2—=lim t-L =
2 10 T =0 T T
- cos{-(l—t)} cos(—-t}
2 2 2

T
Cos(z'tj ‘ x 2 2
=lim| - =| lim -lim{cos[—otﬂz—'lz—;
t—0 . T =0 V.4 =0 2 V4 V4
sin| —-t sin| —-¢
(2 j L (2 )

x

¢ lim| S 2N (X 220xkd [g[mﬂ_(ij‘z-
=0( x* =3 x+2 0| x? =3 x+2 2 |

lim[(I+sin x)fl]-i lim 30X
0 x

1
d) lim(1+sinx)* =¢* =e v =¢l =g
x—0

e) lim {x-[In(x+1)—Inx]}= lim h{["—“j }:m lim HHLJ }me:l.
X—>Foo X—>Foo X

X—>+too X
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a) —1<sinx<lo—t<SM¥ 1 (—ljs fim 3% < Jim L = 0.< 1im $™% <0 = lim S0F =

X X X X—>+00 X X—>+oo X Xt x X—>+oo X X—>+oo X

0;

X X-COSX X . X . [ x-cosx . X
b) —1<cosx<l=>-————<— < = lim | —— < lim > < lim | —
x4+l x"+1  x +1 e xT4+1) e xT+1] am=el X7 +1

=0< 1im(x'f°”jsoz> lim (ij;

x| x4 1 v\ xt 41

2 2

. X" -arctg x . X . T T

¢) im——=| lim -[hm arct x}=1-—=—;
) X—>+o0 x2 1 |:X*+°° X2+1:| X_Hw( g ) 2 2

3 3
@) lim i [ im (arcotg 1) | =1-0=0.
e X"+ x4+l | e X+ x+] | Lo

7. Neka je €>0 proizvoljan, ali fiksiran. Tada trazimo n, =n,(€) takav da za svaki ne N

Lo
n

koji je veci od n, vrijedi nejednakost < . Ta nejednakost je ekvivalentna nejednakosti

n n

1 . 1 1 . . 1 o
<&, odnosno —<é&. Odatle je n>—, pa vidimo da moZemo uzeti n, :[——l. Time je
I3 I

dokazana tvrdnja liml =0.
non

l _ 10—10“'
n

Pretpostavimo da je 1iml=10-“’“'. Analognim postupkom se dobiva
n n

<€&,

_1010

‘1—10-10“’ n‘

. 10
odnosno < &, odnosno <¢g. Odatle je —n-£<1-10 "n<n-e

n n

Rjesavanjem nejednadzbi —n-e<1-10"" -n i 1-107""" -n<n-& dobijemo da one vrijede

y v . | o .
samo za kona¢no mnogo ne N, $to je nemoguce (ako je lim—=10""", onda mora postojati
n n

beskona¢no mnogone Nza koje su istinite navedene nejednadzbe). Pretpostavka je, dakle,

bila pogresna, pa je liml #1077
non
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