@ : Matematika 1 4.5. Granicne
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Elektrotehnicki odjel

1. Ispisite prvih pet ¢lanova svakoga od sljedeéih nizova:
2
a)a,=n"+1;

b) b, = sin(n-zj;
2

1
c)c, =—.
n

.1
2. Iskljuéivo pomocu definicije limesa niza dokazite da je lim—=0.
n n

3. Izracunajte limese sljede¢ih nizova:

a)a _2-n2+3-n+1_
" 4.n*=5-n-1
n+l
b)bn=¥?
2" —1

¢)c, =2-(\/ +\/;—\/;);
N9-n*+79-n—/73-n

n+\/4‘n2+1 ’

2:n
e)e :(1+lj ;
n

n+1 2:n+1
f = .
), (n+2j
2-n+1 b= 1-4-n

4. Zadani su nizovi a, = ib, =
I-n 12-n+5

d)d, =

. Neka su L, i L, redom njihovi limesi.

a) Izracunajte L i L,.
b) Odredite najmanji £ € N takav da je |ak _L1| <0.0001.
c) Odredite najmanji I € N takav da je |b,—L,|<0.0001.

5. Izracunajte sljedece limese:
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d) lim—S0%
=0 gin(2 - x)

6. Izracunajte sljedece limese:

. COS X
a) hm( j;

sin(8- x) .
2-x _1 ’

b) lim

=0 e

¢) lim (x—\/x2—4-x+5);

2
d) lim (x— a j;
¥ x+1
X 6:-x
e) lim( j .
Xt X+ 2

7. Izracunajte sljedeée jednostrane limese:

. 1
a) lim (arctg j;
x=2

x—2—
b) lim (arctg ! J
x5+ xX— 5 ’
1
c) lil’P (2”}
1
d) lim (55—2 J

8. Navedite konkretan primjer realne funkcije fi tocke ce R takvih da:

a) postoje lim f(x) i lim f(x), a ne postoji f(c);
b) postoje f(c) i lim f(x), a ne postoji lim f(x);

c) postoje f(c)i lim f(x), a ne postoji lim f(x).

9. Navedite konkretan primjer realnih funkcija f i g, te tocke ce R takvih da ne
postoje lim f(x) i limg(x), a postoji:

a) lim(f(x)+g(x) ;
b) lim(f(x) g(x)) .

© mr.sc. Bojan Kovacié¢, visi predavac 2



@ : Matematika 1 4.5. Granicne
(preddiplomski strucni | vrijednosti (limesi)

. :’-'JI;‘Yl-.(;-HI.-I('-LIM)_AI'S‘MH‘IENE:E Stule elektrotehnike) - Zadaci

Elektrotehnicki odjel

Rezultati zadataka

1.
a)a =1+1=2, a,=2* +1=5, a, =3 +1=10, a, =4> +1=17, a, =5* +1=26.
b) b, =sin(§j=1, b, =sinz =0, b, =sin(%-ﬂ')=—1, b, =sin(2-7)=1, by =sin(§~ﬂ')=1.

1 1 1 1
C) (& :I:L c, :E, Cy :g, C, :Z, Cs :g.

2. Neka je €>0 proizvoljan, ali fiksiran. Tada trazimo n, =n,(€) takav da za svaki ne N koji

Lo
n

je veéi od n, vrijedi nejednakost <¢. Ta nejednakost je ekvivalentna nejednakosti

1 1 . . 1 . .
—| <&, odnosno —<é¢&. Odatle je n>—, pa vidimo da mozemo uzeti noz[——‘. Time je
n n & &

dokazana tvrdnja liml =0.

non
3.

3 1 4 . (3 1

Z4+—  lim®2)+lim| = |+Lm|{ —
a) lima, 1m~2+n+n2 ) in("j " (HZJ_2+0+0_1
- I 1 - o -
4—=—— ]jm(4)—]jm(§j—]jm(i2j 4-0-0 2

n n n n n n n

lim(2) +1lim L
n n 2" 2 +0

by limb, =lim 1+ = L=y,
2.2 -1 tim(2") -1 () 20
n n 2
(Vo +4]
o) lime, =2-lim (\/n+ n—\/;)~7 lim— ) T S S S S
" " (\/n+ﬁ+ﬁ) \/n+\/_+\/_ " \/1+ 1, o+ 1+1
n

N2 ) (m
+

1-++/4+
\/4+ lim1+lim) 4+j 0
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1 . . 1
2 lim(4)+lim| —
(4ene1) 4+ W@ lfn(nJ 440
Ll:hm1 5 zhml = 1 :0 2:—2,
Ten ~-2 lim(]—lim(Z) -
n n n

n

1
1, lim(4
(1—4-n]:1_mn 4 lm(nj mE s

1 =
n 5 ’
1242 1im(12)+1im(5j 12403
n n n n

la, ~ L] <0.0001 & f'k+1+

L=liml s 3

3 <0.0001 & 3
k 2

2/<0.0001 & ‘1

& k>15000.5= k,,, =15001,
=41 1

12145 3 3.(12-1+ 5)‘ 36-1+15

&36-1+15>80000 & [ >2221.8 =1 =2222.

min

|b, — L,| <0.0001 &

<0.0001 4:)‘

5.

a) L=lim Bl VR VTN £ U 2 Y
=i 2 (x=1) PEREN) 2

(x+2)-(XF=2:x+4) 2 2.x14 (2P -2.(2)+4

b) L=lim —lim _ _3
x—-2 4(x+2) x——2 4 4

¢) L=1lim 4'(\/;_2) =lim 4 4
S Vr-2)-(Va+2) x2 V42

d)L=4-lim— 0% Ay 41

x=02.8inx-cosx 2 9cosx 2 cos0

T
COS[I+f

a)L=4r=x-Z\—tim Zj Slim=Snt L [y sint) 1
2 10 ( ;;j =0 —2.t 2 L0 ¢ 2
-2 t+5

by L={t =2- x} = lim 01 1im(sm(4")~ ! -4]=4~1im(sm(4")].nm( ! ]:4.51:4.
t—>0 e —1 =0 4-1 e —1 =0 4-1 -0\ o' —1 4
(x+\/x2—4-x+5) 2 —(x —4~x+5)
o L=lim | (x=x*=4-x+5)- =lim|— |
A (x+M) |y —4x45
a3
. 4-x-5 _ . 4-0 4
=lim| ———————|=lim = =—=2
x| oy lx2_4'x+5 X—>+eo 1+ 1_i+i 1+ [1_0+0 1+1
2
X X
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_ 2
d) L= lim Xt —x" =lim(i)=lim LN N S
xoee x+1 oelxtl) o L1140

X
6x _ X2\ x42 x+2
e)L=lim(1— 2 j = lim (1+( 2)j = lim ( 2)6=e"12.
X—>+oo X+ 2 X—>+oo X+ 2 X—>+oo

7. a) Kad x—>2—-,onda x-2—0—, pa

)t
e

— —oo, te arctg(

b) Kad x —>5+, onda x—5—0+, pa — 400, te arctg(

1

¢) Kad x—3+, onda 3-x—0—, pa — o0, te 23 0.

-Xx
1
— 400, te 572 400, Zbog toga ovaj

d) Kad x—4+, onda Jx-2—-0+, pa

1
Jx-2

limes ne postoji.

8. a) Npr. bilo koja funkcija iz zadatka 5. i tocka u kojoj je ra¢unan dotiéni limes.

sin x, za x <0,

b) Npr. f:R—>R, f(x)=40, zax=0,

—, inace.
X

1
—, zax<0,
x

0, zax=0,

sin x, inace.

c) Npr. g:R—>R, g(x)=

9. a) Npr. f(x)zl—l, g()c)zl i ¢c=0.
X

X
) —, zax<0,
sin x, zax <0, X

b) Npr. f(x)=40, zax=0, , g(x)=40, zax=0, i c=0.
1 sinx, zax >0,
—,zax>0,

X
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